We discuss the effects of the black holes' spin-multipole structure in the orbital dynamics of binary black holes according to general relativity, focusing on the leading-post-Newtonian-order couplings at each order in an expansion in the black holes' spins. We first review previous widely confirmed results up through fourth order in spin, observe suggestive patterns therein, and discuss how the results can be extrapolated to all orders in spin with minimal information from the test-body limit. We then justify this extrapolation by providing a complete derivation within the post-Newtonian framework of a canonical Hamiltonian for a binary black hole, for generic orbits and spin orientations, which encompasses the leading post-Newtonian orders at all orders in spin. At the considered orders, the results reveal a precise equivalence between arbitrary-mass-ratio two-spinning-black-hole dynamics and the motion of a test black hole in a Kerr spacetime, as well as an intriguing relationship to geodesic motion in a Kerr spacetime.
I. INTRODUCTION
Binary black holes (BBHs) [or something very much like them] have provided us with the first gravitational waves detected at Earth [1] [2] [3] . So far, the detected signals lie within the error bars of our expectations-that black holes exist, that binaries of them emit gravitational waves which become ever stronger as they spiral into one another and eventually merge into one bigger black hole, and that all of this is governed by Einstein's theory of general relativity (GR) [4] .
Being able to make such statements requires that we know exactly what it is that GR predicts. Decades of work in numerical relativity (solving Einstein's equations directly on a supercomputer), combined with analytic approximation schemes for treating the two-body problem, have led to the current understanding of BBHs which has allowed the analysis of the detected signals. Yet, in many respects, the relativistic two-body problem remains unsolved (see e.g. Fig. 1 ).
For analytic attacks, two complementary approximation schemes are available: The post-Newtonian (PN) approximation expands about the Newtonian (weak-field, slow-motion) limit but is valid for arbitrary mass ratios [5, 6] , while the extreme-mass-ratio approximation, encompassing the "self-force paradigm" [7] [8] [9] [10] [11] [12] [13] , expands about the test-body limit but is valid in the strong-field, relativistic regime. This paper points out an interplay between the PN limit and the test-body limit, which relies on special properties (seemingly) specific to BBHs in GR, and which reveals structure in the BBH dynamics which has yet to be recognized. We derive here a Hamiltonian for the conservative dynamics of generic-orbit arbitrary-massratio spinning BBHs, at the leading orders in the largeseparation/slow-motion (PN) expansion (at each order in * justin.vines@aei.mpg.de † jan.steinhoff@aei.mpg.de; http://jan-steinhoff.de/physics/ spins), to all orders in the black holes' spins. We find that these leading-order couplings can all be obtained from a map to the motion of a test black hole (a test body with the spin-induced multipoles of a Kerr black hole) in a background Kerr spacetime [see Eqs. (2.18) and (2.10) below], as is confirmed with direct post-Newtonian calculations for arbitrary mass ratios. Furthermore, all of the couplings can be "deduced" in a certain manner from those of a pole-dipole test body in a Kerr spacetime.
The leading-PN-order, all-orders-in-spin BBH Hamiltonian is given explicitly by (2.23) below. This result (with its conceivable generalizations beyond leading order) is of particular interest for the case of large black hole spins, and is thus relevant to LIGO's ability to test GR with strong, nonlinear spin/precession effects in BBHs [4] .
It is remarkable that the nonperturbative structure emerging in (2.23) is an oblate spheroidal geometry (as in Fig. 2 ) with a ring-radius being the sum of the individual black holes' ring-radii; this points to a spinning analog of the fact that Newtonian two-body dynamics is equivalent to the motion of a reduced mass in the gravitational potential of the sum of the individual masses.
The paper is organized as follows. In Sec. II we review PN results for spinning BBH dynamics and extrapolate to the main result of the paper. A proof of this result is given in Sec. III, where we derive the leading-order PN interaction potential for a BBH at each order in the spins and make the connection to the test-body limit. Our conclusions are given in Sec. IV.
II. BBH IN THE PN APPROXIMATION
We can begin to explain and substantiate the above claims by reviewing the results of PN calculations which describe the conservative dynamics of binaries of compact objects with spin-induced multipole moments.
In the PN approximation, one describes a binary of compact objects, bodies A = 1, 2, in terms of arXiv:1606.08832v3 [gr-qc] 17 Apr 2018
• their worldlines x = z A (t) in a PN spacetime with coordinates x µ = (t, x i ) = (t, x), defining the relative position R = z 1 − z 2 and distance R = |R|,
• their masses m A , defining the total mass M = m 1 + m 2 , the reduced mass µ = m 1 m 2 /M , and the symmetric mass ratio ν = µ/M , taking m 1 ≥ m 2 , with the "test-body limit" defined by m 2 → 0,
• their intrinsic angular momentum (or spin) vectors S A = S i A , defining the rescaled spin vectors a A = S A /m A c with dimensions of length (sometimes also referred to as the spins),
• and their higher-order multipole moments, beginning with the mass quadrupole tensors Q ij A , with appropriate definitions for these quantities, sufficient for our purposes here, given e.g. in [14, 15] or [16] .
In general, the bodies' quadrupoles and higherorder moments can be dynamical, depending on further internal degrees of freedom [17] [18] [19] [20] .
But the leading-order effects in the post-Newtonian regime arise from (i) intrinsic spin-induced quadrupolar deformations scaling as the square of the spin, and (ii) quadrupolar tidal deformations which are adiabatically induced by the external field, which contribute to the quadrupole tensors as follows [21] ,
Here, E ij is the electric tidal tensor, with E ij = ∂ i ∂ j φ in the Newtonian limit, φ being the Newtonian potential with φ = −Gm/R for a monopole. Anglular brackets denote symmetric-trace-free (STF) projection. The linear response coefficients κ A and λ A measure the leading-order quadrupolar deformation of body A, due to its rotation/spin and due to the external tidal field, respectively. The values appropriate for a black hole,
have been established through several arguments and derivations, e.g. [21] [22] [23] [24] [25] [26] [27] . We will henceforth restrict attention to spin-induced multipoles, as is appropriate for black holes at the PN orders discussed here. Spinning bodies (like black holes) generally have
..i with even, and
which are induced by their rotation, and which are generally proportional to STF outer products of copies of the spin vector. L = i 1 . . . i is a spatial multi-index. The proportionality constants (like κ for = 2) vary with the composition and structure of the bodies. The multipoles of a black hole (with certain normalizations), including the mass monopole m ≡ I, are given by [22] 
where a <L> = a <i1 . . . a i > = S <L> /(mc) , with = 0, 1, . . . , ∞. With = 2, this reproduces (2.1) with κ = 1 (and λ = 0).
With only such spin-induced multipoles, the only degrees of freedom of the binary are the relative position R(t) (in the center-of-mass frame) and the spins S 1 (t) and S 2 (t). The PN conservative dynamics can be encoded in a Hamiltonian H(R, P , S 1 , S 2 ), where P is the linear momentum canonically conjugate to R, and the equations of motion are determined froṁ
with A = 1, 2. The Hamiltonian, expanded in PN orders and in powers of the spins, takes the following form, H =
+ . . . Here, H LO-S 0 ≡ H N is the Newtonian (0PN) pointmass (no-spin) Hamiltonian, and the other terms are at higher orders in the PN parameter ∼ Gm/c 2 R ∼ v 2 /c 2 and higher orders in the spin. The order counting here, with an nPN term scaling as n H N , assumes rapidly rotating bodies, with spin magnitudes S ∼ Gm 2 /c. We now discuss in turn the contributions in (2.5). To ease the notation, we henceforth set G = c = 1 and define new momenta rescaled by the reduced mass,
where L = R × P is the orbital angular momentum.
A. Nonspinning
The Newtonian Hamiltonian [i.e. the leading-order (LO) no-spin (S 0 ) Hamiltonian] reads For the spin contributions, the second row gives the linear-in-spin or spin-orbit (SO) parts, the third row gives the quadratic-in-spin parts, etc. LO stands for the leading-(PN-)order part (the S n contributions at the leading order in ), NLO stands for next-to-leading order, etc. Terms in red text are unknown. Terms in black text have been calculated, and confirmed by independent groups, as discussed at LOs below and as reviewed e.g. in [5] at higher orders, all except for (i) the recent NNLO S 2 calculations of [28] , and (ii) the underlined LO-S n terms with n ≥ 5, which are presented here for BBHs. The recent 4PN results of [29] [30] [31] [32] [33] have been recently also confirmed by independent calculations. monic/ADM gauge, reads
The Newtonian Hamiltonian could be said to be equal to its test-body limit, in the sense that it has no dependence on the mass ratio. The same is not true of H 1PN , and one recovers only the first terms in parentheses from the test-body limit, with the terms ∝ ν being "self-force corrections" [7] [8] [9] [10] [11] .
More precisely, even H N is not literally equal to its test-body limit, if this is defined as the limit m 2 → 0, because then we obtain only the m 1 term in M = m 1 + m 2 [among other subtleties]. Rather, the arbitrary-massratio Newtonian dynamics in the center of mass frame is equivalent to the dynamics of a test body with mass µ in the field of a stationary mass M , under the map M = m 1 +m 2 and µ = m 1 m 2 /M . This map and this fortuitous coincidence allow us to obtain from the test-body limit what could be considered a self-force correction (the m 2 in M ) [and less handwavingly, the full exact Newtonian dynamics]. We will find this same kind of coincidence to all orders in spin at the leading PN orders.
B. Leading-order spin-orbit couplings
Next we have the leading-order "spin-orbit" (linear-inspin) Hamiltonian, at 1.5PN, [34] [35] [36] [37] 
The m 2 terms are self-force corrections which drop out in the test-body limit. But under the map
this can be rewritten exactly as the LO linear-in-spins part of the Hamiltonian of a test body with mass µ and spin S test = µσ * = νS * in the field of a stationary body with mass M and spin S = M σ,
where ∇ = ∂ i = ∂/∂R i . Note that the dynamics defined by H N , H 1PN , and H LO-S 1 (and more generally, through linear order in spin) is universal, independent of the nature of the bodies.
C. Leading-order spin-squared couplings
The next contribution in (2.5) is the LO-S 2 Hamiltonian at 2PN, [35, [38] [39] [40] [41] 
which begins to depend on the bodies' internal structure through the response coefficients κ 1,2 . Note that the κ terms encode the coupling of the spin-induced quadrupole of one body to the monopole of the other, while the a 1 -a 2 term encodes the (universal) coupling between the bodies' spins. Remarkably, for the special case of a binary black hole, 14) noting that spin vectors commute with spatial derivatives ∇, and where
is the combination of the spins whose importance was noted in [40] [41] [42] . The LO-S 2 BBH Hamiltonian is equivalent to that of a test-body in two different ways. On the one hand, as in (2.13), it is the LO quadratic-in-spins part of the Hamiltonian of a "test black hole" with mass µ and spin µσ * (and quadrupole Q ij = −µσ * <i σ * j> ) in the field of a stationary Kerr black hole with mass M and spin M σ. On the other hand, as in (2.14), it is the LO-S 2 part of the Hamiltonian of a structureless point mass (following a geodesic) in the field of a Kerr black hole with mass M and spin M a 0 [40, 42] .
D. Leading-order couplings for binary black holes through fourth order in spin
The LO-S 3 (3.5PN) and LO-S 4 (4PN) contributions in (2.5) have been computed and confirmed by a variety of methods in [43] [44] [45] [46] [47] . To the authors' knowledge, there are no previous results for the PN dynamics of arbitrarymass-ratio binaries at fifth or sixth order in the spins (5.5PN or 6PN at LO) or beyond, though much is known (at least in principle) from the test body limit.
The LO-S 3 contributions arise from (i) a body's spininduced current octupole coupling to its companion's mass monopole, (ii) the mass quadrupole coupling to the companion's spin, and (iii) more subtle kinematical effects. These kinematical effects, like those encountered for the spin-orbit couplings (2.11) which are linked to Thomas precession [48] , are related to the transport of the local frame in which the spin is defined and its interplay with the spin supplementary condition [49] .
The LO-S 4 contributions arise from hexadecapolemonopole, octupole-dipole, and quadrupole-quadrupole couplings. As with the LO-S 2 couplings, there is no dependence onP , only on R, and there are no subtle kinematical effects.
Like the LO-S 2 part, the LO-S 3 and LO-S 4 parts undergo remarkable simplifications in the special case when the spin-induced multipole moments match those of a Kerr black hole. Now we gather all the results for the leading-PN-order Hamiltonians at each order in spin, available from [43] [44] [45] [46] [47] 
and the odd-in-spins part
Note that hidden within these "factorized" forms is a considerable network of multipole-multipole couplings and kinematical effects, including "(first-order) self-force corrections." All of these LO-PN results (for arbitrary mass ratios), even and odd, are obtained from the test-body limit according tō
18) with (2.10), whereH
BBH,test is the Hamiltonian of a "test black hole" with mass µ and spin µσ * -having all of the spin-induced multipoles of a black hole, keeping σ * finite as µ → 0, noting that all of the LO couplings end up with one factor of µ which scales away as in (2.6)-in a Kerr spacetime with mass M and spin M σ. The even part has the further featurē
19) so that it is obtained from geodesic motion in a Kerr spacetime with mass M and spin M a 0 ; this is not true of the odd part. These hold for the above results through fourth order in spin, as can be confirmed from [50] , and we will see that they hold to all orders. Note that this means that an effective-one-body Hamiltonian which uses M a 0 as the spin for an effective (ν-deformed) Kerr metric entering the geodesic Hamiltonian (a recent example being that in [51] ) correctly encodes all of the LO evenin-spin couplings.
E. To all orders in spin, at the leading post-Newtonian orders, for binary black holes
There is a clear pattern developing in the even part (2.16). In light of (2.3), one is motivated to argue that this pattern continues,
For the odd part, one could argue from the limited data in (2.17) that there is an analogous pattern developing, with only two new coefficients at each order in spin (the coefficients of σ and σ * in the cross product). If we were to assume that this pattern holds to all orders, then these coefficients would all be fixed by matching to the dynamics of a pole-dipole test body in the Kerr spacetime, obeying the Mathisson-Papapetrou-Dixon (MPD) equations [52] [53] [54] to linear order in the spin of the test body. The resultant coefficients are available in principle from [50, 55] . This yields H BBH LO,odd
These results can also be derived without relying on such seemingly unjustified extrapolation. With a direct PN calculation for arbitrary mass ratios in Sec. III, we show that the LO BBH Hamiltonian is indeed given by the sum of (2.20) and (2.21) under the map (2.10).
The calculations of Sec. III are based on the welldeveloped action description of spinning bodies in general relativity [23, 49, [56] [57] [58] [59] [60] [61] [62] [63] [64] [65] [66] [67] , which results in a form of the MPD dynamics [52] [53] [54] . The action encodes both the bodies' motion in an effective external field and the effective stress-energy which sources the field equationsat the least, in the leading-PN-order context. In Sec. III, we draw in particular from the analyses of spin-multipole effects in [47, 50, [68] [69] [70] , and [49] which derived all LO spin-induced multipole couplings. We obtain all needed coupling constants in the action by matching the effective black holes' spin-multipole structure to that of a Kerr black hole, and by ensuring the kinematical consistency of the MPD dynamics.
We can also present the results (2.20) and (2.21) in a simple explicit closed form by introducing new coordinates on the (flat) 3-space; starting from Cartesian coordinates (X, Y, Z), as illustrated in Fig. 2 in the Z = 0 plane, with a cross-section shown in red. The ring pierces this plane orthogonally at the ⊗ symbol, with its center at the origin. The locus r = 0 is the disk Z = 0, ρ < a0 bounded by the ring. The surfaces of constant θ are halfone-sheeted hyperboloids with foci on the same ring, with a cross-section shown in blue; as r → ∞, they asymptote to cones opening an angle θ from the +Z-axis. The locus θ = π/2 is the plane Z = 0 minus the disk ρ < a0. The ring represents the "ring singularity" of an effective Kerr black hole with rescaled spin a0.
The LO Hamiltonian, the sum of (2.20) and (2.21), can then be written as
where
and As we discuss in Sec. III D, the Hamiltonian given by (2.23)-(2.25) is precisely the LO part of the Hamiltonian for a test black hole with mass µ and spin µσ * in a Kerr spacetime with mass M and spin M σ. We see that one obtains the arbitrary-mass-ratio BBH Hamiltonian from this simply by using the mass and spin mappings discussed above-i.e., the equivalence stated in (2.18) holds to all orders in spin.
The relationship between the even-in-spin part and geodesics in a Kerr spacetime with spin M a 0 , stated in (2.19), is seen to hold to all orders in spin as well-and (2.23)-(2.25) also show some relationship between the odd-in-spin part and the Kerr spacetime with spin M a 0 . We elaborate on these points and specify the precise relationship between the Kerr metric and the potentials (2.24)-(2.25) also in Sec. III D.
It is astounding that the doubly infinite web of multipole-multipole couplings and kinematic effects present in the Hamiltonians-with all powers of both the test-black-hole spin σ * and the Kerr spin σ, or equivalently, with all powers of a 1 and a 2 -reduces to the compact form (2.23), depending in a simple way on the multipole structure of a single Kerr spacetime with spin a 0 .
III. DERIVATION OF THE RESULT
In this section we derive the result (2.23) presented above, proceeding in the following steps. We start by constructing the effective point-particle action for a rotating black hole (neglecting tidal effects). Next we approximate this action, first to linear order in a perturbation of the metric away from flat spacetime, then also to leading order in the velocity at each order in spin. Finally, we compute the interaction potential of the binary to leading PN order at each order in spin.
A. Effective action for black holes
The effective point-particle action of a rotating black hole (neglecting tidal deformations) can be written as an integral along an arbitrarily parametrized worldline x µ = z µ (σ) as
where the signature of spacetime is +2, u µ = dz µ /dσ is the worldline tangent, and m is the mass, with the following Lagrangians: L top describes a relativistic spinning spherical top minimally coupled to gravity and L SI contains non-minimal couplings of the spin-induced (SI) multipole moments.
We use the general-relativistic spherical-top Lagrangian in the form [49] 
and Λ c µ describes an ortho-normal (Lorentz) body-fixed frame, g µν Λ a µ Λ b ν = η ab . The last term in Eq. (3.2) is related to the Fermi-Walker transport of the spin [73] . The spin 2-form S µν = −S νµ is subject to the constraint
which must be supplemented by a gauge condition for Λ 0 µ . These conditions reduce the rotational degrees of freedom to the three physical ones.
1 It is useful to define a spin vector as
where the dual is defined as usual, * S µν = 1 2 η µν αβ S αβ (with the volume form η µναβ ). The vector a µ is normalized to the radius of the ring singularity of the rotating black hole (the Kerr parameter). Both vectors are orthogonal to the motion, S µ U µ = 0 = a µ U µ . It is useful to introduce a tetrad field e a µ defining a Lorentz frame at each spacetime point, g µν e a µ e b ν = η ab . (Notice that Λ c µ is only defined on the worldline and encodes the orientation of the body.) We use e a µ to translate between spacetime indices µ, ν, ... and Lorentz indices a, b, .... The frame e a µ introduces six new gauge degrees of freedom (Lorentz transformations of the index a) in addition to the four coordinate ones. Then the top Lagrangian reads
where we define the dual * ω µ ab = , and the connection 2Γ ρσµ = ∂ σ g µρ + ∂ µ g σρ − ∂ ρ g σµ . Notice that the Rotation coefficients manifestly couple only to the components of the spin which are orthogonal to the motion.
The spin-induced multipole interactions of black holes (i.e., neglecting tides) are given by nonminimal couplings in the action. The electric I L and magnetic J L multipoles are contracted with the corresponding electric E L and magnetic B L curvature tensors in the Lagrangian,
1 As discussed in [69] , the action (3.1)-(3.2) uses dynamical variables associated to different instances of traditional spin supplementary conditions (SSCs) for the MPD equations [52] [53] [54] ; such SSCs are discussed e.g. in [38, 39, 74] . The worldline z µ here is that defined by the Tulczjew-Dixon SSC [34, 54] , while the spin tensor S µν is that defined by the (thus-far) generic SSC defined by (3.3) , in which Λ 0 µ plays the role of a gauge field [69] .
see [75, 76] , where now L is a 4-dimensional multi-index. The curvature tensors are defined by
with the dual to the curvature * R µνρσ = 1 2 η µν αβ R αβρσ , the projector P ν µ = δ ν µ + U µ U ν , the covariant derivative ∇ µ , and our convention for the Riemann tensor is
Generalizing Eq. (2.3) by replacing a i with a µ , we then arrive at the Lagrangian
where denotes the real part. An alternative way to arrive at this Lagrangian is the following. By constructing all couplings between spin and curvature consistent with the symmetries of the problem and to linear order in the curvature, one arrives at an expression analogous to Eq. (3.9) but with undetermined coefficients on each interaction term [49] . Since each coefficient contributes to a distinct term in the final potential for the binary motion and since this final potential is correct in the limit of a test-mass moving in the Kerr geometry, see Sec. III D, all of these coefficients were fixed correctly for the case of a Kerr black hole in Eq. (3.9).
B. Linear approximation
In this section, we discuss the weak-field approximation to linear order in the metric perturbation h µν = g µν − η µν , where η µν is the Minkowski metric. Indices are pulled using the Minkowski metric from now on.
For simplicity, we choose the tetrad to be the symmetric matrix square-root of the metric
which fixes the six tetrad gauge degrees of freedom. It is also useful to fix the gauges of the point-particle action at this point. For the worldline gauge we choose σ = t.
2 One can equivalently use the Weyl tensor instead of the Riemann tensor here. The difference corresponds to a redefinition of the metric in the full action [77] .
We denote time derivatives by a dot from now on,
For the spin gauge we choose Λ 0
and from Eq. (3.3) also
See Refs. [49, 69] for details. In these equations and in the following, spatial and temporal indices on the spin S ij and on Λ ij are in the local frame, while other variables are given in the coordinate frame.
The curvature tensor reads in the linear approximation
14)
It follows straightforwardly that
15)
Notice that we can drop time derivatives of h µν (and the tetrad) in the linear approximation of the particle action, since these can be partially integrated to give negligible terms containingu
(Insertion of equations of motion into the action is justified here since it is equivalent to a variable redefinition [78] .) These formulas formally only hold for ≥ 2, but they are also correct for 17) due to our assumption on the tetrad gauge (3.10) 3 . This allows us to extend the summation over in Eq. (3.9) to = 0, 1. We finally arrive at
Notice thatv j = O(h). For completeness, the gravitational action in the linear approximation and in harmonic gauge P µναβ ∂ µ h αβ = 0 reads (3.19) where
Note that field equations in the linear approximation correspond to a quadratic approximation in the field part of the action.
C. Post-Newtonian approximation
The PN approximation is a weak-field and slow-motion approximation. The PN leading order is obtained by further specializing the weak-field approximation from the last section to leading order in the velocity. It is useful to introduce a decomposition of the metric perturbation in terms of the fields φ, A i , and σ ij = σ ji as
Here φ is the gravito-electric field (Newtonian potential) and A i is the gravito-magnetic field.
The PN action is obtained by removing the metric from the full action S G + S BH1 + S BH2 for the black-hole binary. For this purpose, one can obtain the field equations for the metric components by varying the action, solve the field equations, and insert this solution into the full action, see e.g. [31, 79] . This is referred to as the Fokkeraction approach. A different method is to integrate out the field using standard quantum field theory techniques. That is, obtain the Feynman rules from the action and evaluate all Feynman diagrams which are nonzero in the classical limit, see e.g. [77, 80] . We present the latter approach in detail here, but both are not difficult at the considered order.
The Feynman rule for the interaction of the blackhole worldline (fat solid line) with a gravito-electric field φ (thin solid line) follows directly from expanding Eq. (3.18) in φ leading to 22) in the linear approximation and to linear order in v.
Here ∇ is the partial 3-dimensional derivative. Note that the hyperbolic sine of a vector is a vector, while the hyperbolic cosine of a vector is a scalar-it is understood that pairs of adjacent factors of a × ∇ are contracted, with the grouping of the pairs being inconsequential, as in (a × ∇) 
Similarly, for σ ij one sees that it only contributes to quadratic order in v and can be neglected here. The leading-order Feynman diagrams are therefore given by Fig. 3 . The gravitational action reads 24) from which the Feyman rules for the field propagators follow as 26) where R = |R|, R = z 1 − z 2 , and
The propagators are essentially the (time-symmetric) Green's functions that would be used in the Fokker-action approach to solve the field equations. Figure 3a translates into the following gravito-electric contribution to the interaction potential, 29) where ∇ A = ∂/∂z A and it was taken into account that the potential enters the action with a minus sign. This potential can be obtained in the Fokker-action approach by collecting all contributions coming from inserting a solution for φ into the full action. Similarly, for the gravito-magnetic interaction (Fig. 3b) one obtains
The sum of all contributions to the potential reads
where we have used ∇ 2 f = −∇ 1 f ≡ −∇f for any f (R), and the addition theorems for the hyperbolic trigonometric functions together with the definition (2.15). The kinematic contribution from the last term in the first line of Eq. (3.18) is
having inserted the leading-order (even-in-spin) accelerations in the second equality (which induces variable redefinitions [78] ). The full action finally reads
33) where we have dropped the constant rest mass terms. The Hamiltonian (2.23) follows from a Legendre transformation, a specialization to the system's center-of-mass frame (which is achieved simply by using the LO relation m 1 z 1 +m 2 z 2 = 0), and the transition between hyperbolic and ordinary trigonometric functions as used above.
D. Connection to the test-body limits
In this section we discuss the connections between the LO PN result and the two test-body limits: test-blackhole motion and geodesic motion in a Kerr spacetime.
Firstly, as pointed out in [81] , the exact Kerr metric with mass M and spin M a can be written as 34) where η µν is the flat Minkowski metric with connection ∂ µ , the "gauge vector" ξ µ is given by Eqs. (65)- (67) of [81] (with some notational differences for the spatial coordinates), and the linearized harmonic-gauge "perturbation" h µν is given (exactly) by 36) where the oblate spheroidal coordinates (r, θ, Φ) and Cartesian coordinates (X, Y, Z) on the flat 3-space are related by We see that, with the Kerr spin a → a 0 , the even-inspin part matches with that of the BBH Hamiltonian (2.23)-(2.25), thus establishing the equivalence (2.19) to all orders in spin. Furthermore, the only addition needed to fix the odd-in-spin part is the last term in (2.23), 1 2 P × σ * · ∇φ, which is itself expressed very simply in terms of the potential φ for a rotating black hole with spin a 0 . One sees from the derivation in Sec. III that this term arises precisely from the kinematic v ivj terms in (3.18) , from the relativistic top action.
IV. CONCLUSION
We have derived the leading-PN-order, all-orders-inspin Hamiltonian for a binary black hole, and shown that it bears two distinct intriguing relationships to test-body motion in a Kerr spacetime.
These results are clearly relevant to efforts to develop effective-one-body (EOB) Hamiltonians for BBHs (see e.g. [40, 42, 51, [82] [83] [84] ). The direct mapping (2.18) to the test-body limit (for even and odd parts) is reminiscent of the spinning EOB models of [83, 84] which recover the exact (all-PN-order) test-body limit at linear order in the spin of the test body. An extension of this strain of EOB models to include higher orders in the test spin would naturally incorporate the new LO-PN arbitrary-spin results, but this would require adding an infinite number of ever more complicated terms to the EOB Hamiltonian-unless one could find a convenient resummation of the arbitrary-test-spin test-blackhole dynamics (which seems less implausible than before in light of the remarkable resummation at LO). On the other hand, the alternate mapping of (2.19) and (2.15) is a feature of the alternative strain of spinning EOB models including [42, 51] , which are now seen to correctly encode the full even part as in (2.19), but not the full odd part. Thus, both primary strains of EOB models bear some relationship to the new LO arbitrary-spin results, but neither of them as they stand currently encapsulates all of the new results.
Regardless of any EOB framework, the new "LO-S ∞ " results reveal nonperturbative mappings of real BBH dynamics to effective test-body motion, and this unexpected fact warrants much further consideration. It remains to be seen whether these leading-order mappings have analogs at higher post-Newtonian orders-the approach in Ref. [85] could be beneficial to work this out.
